A stochastic model to describe the joint dynamics of financial market variables (i.e., equity market index, gross domestic product) and survival probability is proposed. The model is analytically tractable and may be used to price some mortality derivatives. A simulation study is carried out.
Introduction
Mortality is a major risk facing large re-insurers. Assets traded in the financial markets are used to pay mortality claims, so analysis of the correlation between assets and mortality rate is an interesting issue. In fact, a severe pandemic (such as Ebola virus disease) could strongly affect the economy and/or financial markets, generating a depreciation of assets and inducing a crisis for companies using these assets to pay mortality claims (see Dacorogna, M, Cadena, M (2015) ). Indeed, some countries in the Euro zone have recently registered an increase in the mortality rate, which is probably due to the impact of the economic crisis on low-income families.
This paper contributes to this analysis by introducing a stochastic volatility model to describe the joint dynamics of mortality rate and asset price while admitting an indirect correlation between the two.
The proposed model is based on the mortality model illustrated in Milevsky Moreover, the indirect correlation between asset and mortality rate introduced here permits the study of how the profound crisis in western countries (measured by some financial and/or economic index) has affected the mortality rate. A similar study can be found in Denuit 2009 , where the relationship between some financial asset prices and baby-boomer retirement is analyzed in order to give empirical evidence that financial asset prices are likely to fall as baby boomers retire. As well, the numerical results illustrated in Jalen and Mamon 2009 show that the dependence between mortality and financial factors plays a crucial role in pricing insurance contracts with long-term maturities. This paper is organized as follows. In Section 2 we present the time continuous stochastic model which describes the joint dynamics of the asset/market index and the mortality rate and some relevant formulas. In Section 3 we deduce the formula for transition probability density function and we illustrate some expansions. Finally, in Section 4 we illustrate a simulation study which highlights some relevant features of the proposed model.
The joint dynamics of asset price and mortality rate
We present the model describing the joint dynamics of the index/asset price S t and the mortality rate h t . The mortality rate, also known as the hazard rate, represents the instantaneous rate of mortality of a certain population measured on an annualized basis. The population we have in mind is a human population made of individuals belonging to a cohort, that is, the population of individuals born in a given year. Following Milevsky-Promislow 2001, the mortality rate, h t , is defined by the so-called mean reverting Brownian Gompertz specification:
and
where B t is a Wiener process. B 0 = 0, dB t denotes the stochastic differential of B t , and b, g, h 0 are positive parameters. In contrast to Milevsky-Promislow 2001, this paper correlates the dynamics of the variable y t to the dynamics of the asset/index price modifying Eq. (2):
where µ, a, χ, θ, ε, γ are suitable real constants satisfying the following conditions:
and W t , Z t , Q t are standard Wiener processes such that W 0 = Z 0 = 0, while dW t , dZ t , dQ t are the stochastic differentials of the Wiener processes just mentioned. All correlations among Wiener processes are zero with the exception of the following:
where E(·) denotes the expected value of · and ρ v , ρ Y ∈ (−1, 1) are the correlation coefficients, which we assume to be constant. Under condition (7), the variance v t is positive with probability one for any t > 0 given that v 0 is positive with probability one. In the stochastic model (1), (3)- (5) the asset price process S t and the mortality rate h t are indirectly correlated via the process y t . The specific form of model (1), (3)- (5) allows us to derive a semi-explicit formula for the transition probability density function of the process (x t , v t , y t ), t > 0, where x t is the logarithm of the price, that is, x t = log S t . Using Ito's lemma, the dynamical system (3)- (5) can be rewritten as follows:
Equations (10)- (12) must be equipped with initial conditions as follows:
wherex 0 ,ṽ 0 andỸ 0 are random variables that we assume to be concentrated in a point with probability one. For simplicity, we identify the random variables x 0 ,ṽ 0 andỸ 0 with the points where they are concentrated. Let R + be the set of the positive real numbers and R be real Euclidean space, while (x, v, y, t) and (x , v , y , t ), t < t are the variables in the past and the future, respectively, with (x, v, y, t) and (x , v , y , t ) ∈ R × R + × R × R + . The transition probability density function, p f (x, v, y, t, x , v , y , t ), associated with the stochastic process implicitly defined by (10)- (12) is the solution to the Kolmogorov backward equation regarded as a function of the past variables (x, v, y, t) ∈ R × R + × R × R + :
with suitable boundary conditions and final condition:
In Eqs. (16), (17), δ(·) denotes the Dirac delta function and ϕ is given by:
As shown in Section 3, the following integral representation formula for p f holds:
where H is the function given by
I q is the modified Bessel function of order q (see, for example, Abramowitz and Stegun, 1970 ) and the quantities ψ j , j = 1, 2, ν, ζ, s β , s γ ,ṽ, and M , are given by
3 Derivation of the integral representation formula for the transition probability density function
The transition probability density function, p f , of the stochastic process (x t , v t , y t ) defined by (10)- (12) is given by formula (19) .
This section is devoted to the proof the Theorem 1. With τ = t − t and due to the fact that the coefficients in Eqs. (16) and (17) are independent of time and x translations, we seek the solution of Eqs. (16) and (17) in the form
Here, f is the Fourier transform with respect to the "future" variables of the function obtained by extending p f as a function of these "future" variables (x , v , y ) ∈ R × R + × R, with zero when v / ∈ R + , while k, l, ξ, are the conjugate variables in the Fourier transform of x − x, v and y . Using the fact that − (17) and (26) it is easy to see that f satisfies the initial condition
Since the coefficients of the partial differential operator appearing on the right hand side of (16) and the initial condition (27) are first degree polynomials in v and y, we seek a solution of problem (16), (27) of the form:
where A, B, and Q are functions to be determined. Substituting formula (26) into equation (16), we obtain that functions A, B, and Q satisfy the following ordinary differential equations:
with initial conditions:
Note that initial condition (32) has been obtained by imposing (27) on the function f given by (28). Equations (30) and (31) are Riccati equations. Integrating (29) with respect to τ we obtain
where ν, ζ are given by (22), (23), C is given by
Q and A are as follows:
Substituting equations (33), (34) and (36) into equation (26), integrating with respect to l (see, for example, Oberhettinger, 1973 ) and using the following formula:
we obtain formula (19).
Simulation study
Model (1), (3)- (5) proposed in this paper can be applied to price financial products which depend on a financial index and the residual life of the owner, such as index linked insurance policies. In this section we just simulate model (1), (3)- (5) to illustrate the effects of the indirect correlation between asset and mortality rate on the probability, S n , that an individual aged n in the current year t will survive the following ∆n years. This probability is defined as follows:
where F t describes the information at time t. We compute formula (38) for various values of ∆n, 0 ≤ ∆n ≤ 30 years. For simplicity, this calculation is made by numerically integrating the stochastic differential equations (10)- (12) with the explicit Euler method. We simulate 1500 trajectories to compute the mean value appearing in (38). This is a preliminary study. The same procedure can be used with real data to calibrate the parameters of model (1), (3)- (5). We start by showing the survival probability S n as a function of time for various values of the correlation coefficient ρ Y . The model parameters appearing in (5) are chosen as in Recchioni and Screpante 2014 (see Table 1 below) except for the values of ρ Y and γ. The values of these two parameters will be specified later in this section.
Note that h 0 can be interpreted as the hazard rate at birth and it depends on the observed cohort. Table 1 shows the values of the parameters appearing in (5) corresponding to three cohorts. These parameters are motivated by an empirical analysis presented in Bertocchi et al. 2011 with data from the Italian Human Mortality Database available at http://www.mortality.org/. When γ is equal to zero the model defined by equation (1) and (5) reduces to the Milevsky-Promislow model. Here, we choose a = 1 while γ = 0.5, γ = 1 and (3)- (5)). The values of the parameters appearing in (3)- (4) are those shown in Christoffersen, Heston and Jacob 2009 and reported in Table  2 . These values are obtained by calibrating the Heston model to U.S. S&P 500 index and corresponding call and put option prices. We set µ = 0.001, x 0 = 0 and v 0 = 0.01. Table 2 : Parameter values of the financial component of model (1), (3) Table 2 . Tables 1 and 2 , while γ = 1.
In order to investigate the impact of parameter γ, we repeat the experiment above only for cohort 1980 in the case they are living in 2000 using different values of γ, γ = 0.5, γ = 1 and γ = 5. The three panels in Figure 3 show the results of this experiment for the three values of γ, γ = 0.5 (left panel), γ = 1 (middle) and γ = 5 (right panel). Three curves are displayed in each panel: a solid line corresponding to ρ Y = −0.99, a dotted line corresponding to ρ Y = 0 and dash-dotted line corresponding to ρ Y = 0.99. Comparing the curves in the three panels, it is clear that parameter γ strongly affects the value of the survival probability. Increasing γ from 0.5 to 5 produces significant differences in the values of the survival probability corresponding to different values of the correlation coefficient ρ Y . This study shows that the model is able to reproduce a stylized fact. That is, negative values of ρ Y imply larger values of the survival probability. This is due to the fact that decreasing values of ρ Y correspond to decreasing values of the variance ϕ given in (18) . Thus, by virtue of Ito's lemma and Eq. (1), this implies decreasing values of the drift of the process h t . However, referring to (16) we have a negative correlation between the fundamental market index and mortality rate when a(γ + ρ Y ) < 0. In conclusion, the proposed model appears to be suitable for future investigation regarding the correlated behavior between the survival probability and the market index performance of a given
